
Final ”writing” project

1. Given a rectangular candy bar. What is the maximum number of pieces you can get
making n cuts, if all the cuts must be parallel to one of the sides?

2. There is forest consisting of an n× n grid of trees. If a tree has 2 neighbors (N,S,E, or
W not diagonally) on fire, then that tree catches fire. What is the minimal number of
trees (and their positions) required to initially be on fire to guarantee that the entire
forest will catch on fire.

3. Given a large number of red and blue marbles. Place 30 red marbles and 22 blue
marbles in the same bag and play the following game. Remove 2 marbles at random.
If you have removed 2 marbles of the same color, add a red marble to the bag. If you
remove 2 marbles of different colors, add a blue marble to the bag. What happens?

4. Assume you have k checkers with k being a triangular number. Stack the checkers in
as many piles as you like and then play the following game. Remove one checker from
the top of each stack and make a new stack. What interesting result occurs?

5. In a small country there are 3 different political parties: the Green party, the Ni! party,
and the Tarts. Whenever two politicians meet from different parties they become so
angry the both change to the 3rd party. There are x Green party members, y Ni! party
members, and z Tarts. For what triple (x, y, z) is it possible to get everyone in one
party?

6. Consider a rectangular array of dots with an even number of rows and an even number
of columns. Suppose the dots are colored red or blue in such a way that every row has
the same number of red and blue dots, and likewise every column. Whenever two dots
of the same color are adjacent in a row or column, connect them with a line segment
of that color. Make a conjecture about the number of colored lines.

7. Can you always tile a standard chessboard by 2x1 dominoes if one white and one black
square have been removed any where on the board?

8. In general how many queens does it take to dominate an n × n chessboard? What
about an m× n chessboard ? What about an n× n chessboard embedded on a torus?

9. Two people play 5-card draw poker in the following way: The first person searches
through the cards and picks out ANY 5 cards that they want. The second player does
the same. Now player one can replace up to 5 of his cards (like regular poker) again
by searching through the deck. Player one’s discards are removed from play. Player 2
is allowed to do the same. Can player either player force a win!

10. There are 3 boxes each containing 2 marbles. One contains two black marbles , one two
whites and the third one black and one white. There are tops for each box describing
its contents. Unfortunately someone has swapped the lids so that none of the boxes
are properly labeled. If you can remove one marble at a time from any box, how many
would you have to remove before you were sure which box was which?

11. You are allowed to place any number of checkers (even infinitely many) at lattice points
in the plane with a y-coordinates ≤ 0. Play the following game. Jump any checker
vertically or horizontally to an open space. Once you jump a neighboring checker it
must be removed.
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(a) What is the minimum number of checkers required to reach y = 1?

(b) What is the minimum number of checkers required to reach y = 2?

(c) What is the minimum number of checkers required to reach y = 3?

(d) What is the minimum number of checkers required to reach y = 4?

(e) What is the minimum number of checkers required to reach y = 5?

12. Write down 11 symbols, six *’s and five #’s. Play the following game. Erase any
2 symbols. If you erased two of the same symbols, write a *. If you erased two
different symbols, write a #. What happens? Explore what happens with a different
distribution of 11 symbols. Explore what happens if you have n symbols (n odd) with
(n+1 )/2 *’s and (n-1)/2 #’s.

13. Two lattice points in the plane are said to be mutually visible if there is no other lattice
point on the line segment that joins them. What is required for (a, b) and (c, d) to be
mutually visible?

14. Suppose you want to walk from point A to point B, which is one mile away. Fur-
thermore, suppose your route must consist of N straight lines, which can be of varying
lengths. What is the longest route you can construct such that throughout your journey
you are always getting closer to B?

15. Suppose n people are waiting to go into a room and sit down. Each one is assigned
a number from 1 to n. The seats are also numbered using the numbers from 1 to n.
Person number m should sit in seat m. Unfortunately, person 1 did not understand
these rules and simply chose a seat at random and sat down. As the rest of the people
filed in they sat in their appropriate seat, if it was not already occupied, if it was
occupied, then they too chose a seat at random. What is the probability that the last
person gets to sit in their assigned seat?

16. Given 4 points in the plane can you always cover them with some number of non-
overlapping unit circles? What about any n points in the plane with n > 4.

17. The Thule, Morse, Hedlund sequence an is given by an = 0 if the binary representation
of n has an even number of 1’s and an = 1 otherwise.

18. For each positive integer n what is the largest k such that the numbers 1, 2, ..., n can
be put into k boxes such that the sum of the numbers in each box is the same?

19. For each positive integer n what is the largest k such that the numbers f1,f2,...,fn can
be put into k boxes such that the sum of the numbers in each box is the same? Where
fi represents the ith Fibonacci number.

20. Alice and Bob play a game with a circle of n dots. They alternate turns, Alice going
first, with each player crossing out a dot that has not yet been crossed out, as well as
the two adjacent dots if they have not already been crossed out. The winner is the
player that crosses out the last dot. Determine which player has a winning strategy
for different n’s.

21. Create a language using only the letters A and B and the following rules.

(a) Any combination of A’s and B’s make a ’word’.
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(b) Words ending in ABA or BAB mean the same thing as the word without that
ending.

(c) Repeated A’s and repeated B’s can be deleted without changing their meaning.

How many distinct words are in this language?

22. Choose random numbers between 0 and 1 and add them together until your sum is
larger than 1. What is the expected number of summands required so that the sum is
larger than 1.

23. Consider the following word game that uses only the letters M, U, and I. Starting with
the ’word’ MI can you transform it into the ’word’ MU using only the following rules:

(a) You may add a U to the end of any word ending in I. For example you may change
MII to MIIU.

(b) You may double any string after the M. For example you may change MIIU to
MIIUIIU.

(c) You may replace any III with a U. For example may change MIIIU to MUU.

(d) You may delete any UU. For example you may change MIUUI to MII.

24. A miller uses one of his old 40-pound millstones to weigh 40-pound bags of flour using
his two-arm balance. One day his apprentice drops the stone and it breaks into 4
pieces. He sheepishly told the old miller what happened and apologized profusely. The
next day the old miller told his apprentice that he actually did him a favor. He told
him that the stone broke in such a way that each of the pieces have an integer weight
and with these 4 stones he could use his two-arm balance to weigh things from 1 to 40
pounds (in one pound increments). What are the weights of the stones? Is there more
than one way to break the stones into 4 pieces and accomplish the same weighing feat?
Can you do it with fewer stones?

25. A corn farmer has a set of four weights that each weigh an integer number of pounds
and a fair balance. She claims that she can weigh any integer number of pounds of
corn up to a maximum of N using just these weights. What is the maximum value of
N and what should the weights be?

26. Each of the 9 cells of a 3 × 3 grid can be colored red or blue. How many different
patterns are possible up to rotations, reflections and color reversals? What about 3
colors? What about an n× n grid with 2 colors?

27. Let n be a positive integer and An be the set of n=digit numbers consisting of only
the digits 0 and 1 (base 10). For what integers n does there exist x ∈ An such that x
is divisible by n?

28. How many integers consisting of n ones have the property that they are also divisible
by n.

29. You are making your famous 1 foot square party pizza. After rolling out the dough,
you sprinkle on exactly 37 poppy seeds (your secret ingredient). The poppy seeds fall
randomly onto the pizza dough (and luckily none roll off). What is the probability
that at least two poppy seeds will land within 3 inches of each other?
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30. A deck of 52 playing cards is sitting on a table in a dark room. You are told that all the
spades are face up and that all the remaining cards are face down. Your challenge is to
arrange the cards into two piles each with the same number of cards face up without
turning the lights on. How do you do it?

31. The planet Cube World is in the shape of a perfect cube with side length s. An ultra-
marathoner wants to run from the south pole vertex to the north pole (which is the
opposite vertex). What is the minimum distance she needs to run?

32. Let p(x) be a real polynomial such that for all x, p(x) + p′(x) ≥ 0. Does it follow that
for all x, p(x) ≥ 0? [For example, p(x) = x2 + 1 satisfies the condition and conclusion.

33. Words in a peculiar language called ABA is constructed using only 2 symbols. There
are no keys on the standard keyboard for these elaborate characters so we will use A
and B to represent them. Any combination of these 2 characters makes a legal word
as long as it obeys these 2 simple rules:

(a) No word contains 3 consecutive repetitions of any sequence (of any length)

(b) No word contains the repetition BB.

What is the longest word possible in this language?

34. We all know that the prime numbers are wonderful mathematical creatures. For in-
stance every positive integer can be written uniquely as the product of primes (up to
the order of those primes) and we know that there are infinitely many primes. Let’s
look at a slightly different setting. Using only the positive even numbers define an
e-prime to be an even number that cannot be factored into a product of evens. For
instance 12=2*6 hence e-composite and 10 cannot be factored into a product even
numbers hence it is e-prime. Do e-primes have anything in common with the primes?
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